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Abstract. Masking of quantum information means that information is hidden from
a subsystem and spread over a composite system. Modi et al. proved in [Phys. Rev.
Lett. 120, 230501 (2018)] that this is true for some restricted sets of nonorthogonal
quantum states and it is not possible for arbitrary quantum states. In this paper,
we discuss the problem of masking quantum information encoded in pure and mixed
states, respectively. Based on an established necessary and sufficient condition for a
set of pure states to be masked by an operator, we find that there exists a set of four
states that can not be masked, which implies that to mask unknown pure states is
impossible. We construct a masker S] and obtain its maximal maskable set, leading to
an affirmative answer to a conjecture proposed in Modi’s paper mentioned above. We
also prove that an orthogonal (resp. linearly independent) subset of pure states can
be masked by an isometry (resp. injection). Generalizing the case of pure states, we
introduce the maskability of a set of mixed states and prove that a commuting subset
of mixed states can be masked by an isometry S while it is impossible to mask all of
mixed states by any operator. We also find the maximal maskable sets of mixed states
of the isometries S] and S, respectively.
Keywords: Masking, quantum information, masker, maskable set
1. Introduction
In quantum mechanics, there are many “no-go theorems” meaning that to do something
according to quantum theory is impossible, say the no-cloning theorem [1–5], the no-
broadcasting theorem [6, 7], the no-deleting theorem [8, 9], the no-hiding Theorem [10],
and no-signalling theorem [11].
To deal with the encoding of quantum information in an arbitrary composite
quantum state, Modi et al. [12] discussed the problem of masking quantum information
contained in some pure states with a linear operator and obtained the so called
no-masking theorem, which says that it is impossible to mask arbitrary states by
the same operator. It was also proved in [12] that there are sets of nonorthogonal
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states whose information can be masked. Just as no-go theories being of great
significance in information processing [13–16], masking of quantum information has
potential applications [17, 18]. Li and Wang [19] discussed the problem of masking
quantum information in multipartite scenario and proved that quantum states can
be masked when more participants are allowed in the masking process. Li et al. [20]
considered the problem of what kinds of quantum states can be either deterministically
or probabilistically masked and proved that mutually orthogonal quantum states
can always be served for deterministic masking of quantum information. They also
constructed a probabilistic masking machine for linearly independent states. Liang et
al. [21] studied the problem of information masking through nonzero linear operators
and proved that a nonzero linear operator cannot mask any nonzero measure set of
qubit states. They also shown that the maximal maskable set of states on the Bloch
sphere with respect to any masker is the ones on a spherical circle. Furthermore, they
given a proof of the conjecture on maskable qubit states proposed by Modi et al. in [12].
Moreover, Li and Modi [22] discussed the problems of probabilistic and approximate
masking of quantum information and the performance of a masking protocol when
we are allowed (probabilistic) approximate protocol. They also proved that an ε-
approximate universal masker for all states does not exist if the error bound ε is less than
a bound. Ding and Hu discussed in [23] masking quantum information on hyperdisks
and the structure of the set of maskable states, Lei et. al. studied unconditionally
secure qubit commitment scheme by using quantum maskers [24] and randomness cost
of masking quantum information and the information conservation law [25], Ghoshet.
al. [26] pointed out that it is possible for classical information encoded in composite
quantum states to be completely masked from reduced sub-systems.
In this paper, we continue to discuss the problem of masking quantum information
encoded in pure and mixed states, respectively, including the mathematical definitions,
characterizations, masking theorems and no-masking theorems. In Section 2, we will
recall and redefine of the maskability of a set of pure states, derive a necessary and
sufficient condition for a set of pure states to be masked by an operator, find a set of
four states that can not be masked, which implies that to mask unknown pure states is
impossible. We construct a masker S] and obtain its maximal maskable set, and then
obtain an affirmative answer to Conjecture 5 in [12]. We also prove by definition that
an orthogonal subset of pure states can be masked by an isometry. In Section 3, by
generalizing the case of pure states, we will introduce the maskability of a set of mixed
states and prove that a commuting subset of mixed states can be masked by an isometry
S while it is impossible to mask all of mixed states. We also find the maximal maskable
sets of the maskers S] and S, respectively.
2. Masking of pure states
We use notations PSX and DX to denote the sets of all pure states (unit vectors in the
Hilbert space HX) and all mixed states (density operators on HX) of a quantum system
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X, and use B(HX) to denote the set of all bounded linear operators on HX . We also
use [n] to denote the set {1, 2, . . . , n}.
Let us rewrite the definition of a masker introduced by Modi et al. in [12].
Definition 2.1. Let Q be a subset of PSA and S : HA → HA ⊗ HB be a linear
operator. If there are mixed states ρA ∈ DA, ρB ∈ DB such that
trB[S|ψ〉〈ψ|S†] = ρA and trA[S|ψ〉〈ψ|S†] = ρB, ∀|ψ〉 ∈ Q, (2.1)
then we say that the information contained in Q is masked by S; shortly, Q is masked by
S, or Q is a maskable set of S. We also say that the operator S is a quantum information
masker (shortly, a masker) for Q and that HB is a masking space for Q.
When the space HB and the operator S satisfying the masking conditions (2.1)
exist, we say that Q can be masked.
See Fig. 1 for the definition above.
Figure 1. An illustration of Definition 2.1, in which ΓS(|ψ〉) = S|ψ〉〈ψ|S† and all
pure states in Q are mapped to the fixed states ρA and ρB under the composite maps
trB ◦ ΓS and trA ◦ ΓS , respectively. Thus, the quantum information contained in the
states from Q is masked by S.
Remark 2.1. Here are some observations for a masker, which were partially
mentioned in [12].
(1) By Definition 2.1, a masker S : HA → HA ⊗ HB for a set Q transforms pure
states |ψ〉 in Q as pure states S|ψ〉 such that density matrices S|ψ〉〈ψ|S† have the
same marginal states ρA and ρB. Thus, a natural condition for a masker S should be
S†S = IA, i.e. S is an isometry. We call such an S an isometric masker.
(2) To model physically an isometric masker S : HA → HA⊗HB for a set Q ⊂ PSA
with a unitary operator US on the Hilbert space HA ⊗ HB, we first fix a pure state
|b〉 in the ancillary system B and define a unitary operator (a surjective isometry)
S˜ : HA ⊗ C|b〉 → ran(S) as S˜(|ψ〉|b〉) = S|ψ〉. Then we choose a unitary operator
V : HA ⊗ |b〉⊥ → ker(S†) and define an operator US,V : HA ⊗HB → HA ⊗HB by
US,V =
(
S˜ 0
0 V
)
: (HA ⊗ C|b〉)⊕ (HA ⊗ |b〉⊥)→ ran(S)⊕ ker(S†).
Clearly, US,V is a unitary operator satisfying
US,V (|ψ〉|b〉) = S˜(|ψ〉|b〉) = S|ψ〉, ∀|ψ〉 ∈ Q.
Masking quantum information 4
This shows that an isometric masker S : HA → HA ⊗ HB for a set Q ⊂ PSA can be
modeled by a unitary operator US,V : HA ⊗HB → HA ⊗HB in such a way that
S|ψ〉 = US,V (|ψ〉|b〉), ∀|ψ〉 ∈ Q.
(3) When the information contained in Q is masked by S, the information
contained in Q ∪ {|ψ〉} is also masked by S provided that the density matrix |ψ〉〈ψ| =∑m
k=1 ck|ψk〉〈ψk| for some |ψ1〉, |ψ2〉, . . . , |ψm〉 in Q. Hence, the information contained in
Q˜ := Q ∪
{
|ψ〉 ∈ PSA : |ψ〉〈ψ| =
m∑
k=1
ck|ψk〉〈ψk|, ck ∈ C, |ψk〉 ∈ Q(∀k ∈ [m])
}
is also masked by S.
(4) When Q is masked by an isometry S, there exists at least one state |ψ〉 in Q such
that S|ψ〉 is entangled unless Q has just one state. Indeed, if for every |ψ〉 in Q, S|ψ〉
is separable, say S|ψ〉 = |fψ〉|gψ〉, then |fψ〉〈fψ| = ρA and |gψ〉〈gψ| = ρB for every |ψ〉 in
Q. Taking a fixed |ψ0〉 ∈ Q yields that |fψ〉〈fψ| = |fψ0〉〈fψ0| and |gψ〉〈gψ| = |gψ0〉〈gψ0|
and so |fψ〉 = eiαψ |fψ0〉 and |gψ〉 = eiβψ |gψ0〉 for all |ψ〉 in Q. Thus,
S|ψ〉 = ei(αψ+βψ)|fψ0〉|gψ0〉 = ei(αψ+βψ)S|ψ0〉 = S
(
ei(αψ+βψ)|ψ0〉
)
for all |ψ〉 in Q. Since S is injective, we see that |ψ〉 = ei(αψ+βψ)|ψ0〉 for all |ψ〉 in Q.
Physically, Q contains just one state |ψ0〉. From the discussion here, we also see that
when Q is masked by an isometry S, all image states S|ψ〉 are entangled unless the
marginal states both ρA and ρB are pure states.
The maskability of an orthogonal set of pure states was proved in [20, Theorem 1]
in light of their Lemma 1. However, that lemma is indeed a necessary (not sufficient)
condition for a set to be masked (Remark 2.4, below). Next, we give a direct proof of
this result.
Proposition 2.1. Any orthogonal set Q in PSA can be masked by an isometry
from HA into HA ⊗HB with HB = HA.
Proof. Let Q = {|ψ1〉, |ψ2〉, . . . , |ψn〉} be an orthogonal set in PSA. Clearly, we
may assume that Q is an orthonormal basis for HA. Denoted by Fn = [ckj] the quantum
Fourier transform of order n, i.e. ckj =
1√
n
ω
(k−1)(j−1)
n where ωn = e
2pii/n, which is an n
by n unitary matrix, and define
SFn |ψi〉 =
n∑
j=1
cij|ψj〉|ψj〉(i = 1, 2, . . . , n). (2.2)
Since
〈ψi|S†FnSFn|ψk〉 =
n∑
j=1
cijckj = δj,k,
SFn can be linearly extended as an isometry from HA into HA ⊗HB where HB = HA.
Put
ρA = ρB =
1
n
n∑
j=1
|ψj〉〈ψj|,
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then ρA ∈ DA, ρB ∈ DB. For all i = 1, 2, . . . , n, we compute that
trA(SFn|ψi〉〈ψi|S†Fn) =
n∑
j,k=1
cijciktrA (|ψj〉〈ψk| ⊗ |ψj〉〈ψk|)
=
n∑
j=1
|cij|2|ψj〉〈ψj|
= ρB.
Similarly,
trB(SFn|ψi〉〈ψi|S†Fn) = ρA
for all i = 1, 2, . . . , n. By Definition 2.1, Q can be masked by SFn . The proof is
completed.
Proposition 2.1 means that an orthogonal subset Q = {|ψ1〉, |ψ2〉, . . . , |ψn〉} of PSA
can be masked by the operator SFn defined by (2.2)with the marginal states ρA and ρB.
An interesting question is whether Q is the maximal maskable set of SFn . To discuss the
answer to this question, we let |ψ〉 = a1|ψ1〉+a2|ψ2〉 with a1 > 0, a2 6= 0, |a1|2 +|a2|2 = 1.
Then
trB(SFn|ψ〉〈ψ|S†) = ρA + 2a1Re
(
a2
n∑
j=1
c1jc2j|ψj〉〈ψj|
)
.
Since c1jc2j =
1
n
ω−j+1n , we get
T := a2
n∑
j=1
c1jc2j|ψj〉〈ψj| = 1
n
a2
n∑
j=1
ω−j+1n |ψj〉〈ψj|,
and so
2Re(T ) = T + T † =
1
n
n∑
j=1
(
a2ω
−j+1
n + a2ω
j−1
n
) |ψj〉〈ψj|.
Thus, trB(SFn|ψ〉〈ψ|S†Fn) = ρA if and only if Re(a2ωj−1n ) = 0 for all j = 1, 2, . . . , n. In
the case that n = 2, trB(SF2 |ψ〉〈ψ|S†F2) = ρA holds if and only if a2 is an imaginary
number; in the case that n > 2, trB(SFn|ψ〉〈ψ|S†Fn) 6= ρA. As a conclusion, when n = 2,
the operator SF2 defined by (2.2) can mask not only the orthogonal set Q = {|ψ1〉, |ψ2〉}
but also the nonorthogonal set
Q1 = {|ψ1〉, |ψ2〉} ∪ {a|ψ1〉+ ib|ψ2〉 : a, b ∈ R, a2 + b2 = 1},
but it can not mask the set
Q2 = {|ψ1〉, |ψ2〉} ∪ {a1|ψ1〉+ a2|ψ2〉 : a1 > 0, a2 6= Ri, |a1|2 + |a2|2 = 1}.
When n > 2, the operator SFn defined by (2.2) can mask the orthogonal set Q =
{|ψ1〉, |ψ2〉, . . . , |ψn〉}, but it can not mask any nonorthogonal set
Q1 = {|ψ1〉, |ψ2〉, . . . , |ψn〉, a1|ψ1〉+ a2|ψ2〉},
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where a1, a2 ∈ C \ {0}, |a1|2 + |a2|2 = 1.
Li and Wang [19, Theorem 1] proved that when n ≥ 2, all the quantum states in
Cn can be masked into
⊗2n
j=1HAj where HAj = Cn. Here is an alternative proof of this
result in light of the operator SFn defined by (2.2). Choose an orthonormal basis {|i〉}ni=1
for Cn, put ckj = 1√nω
(k−1)(j−1)
n and put
|ψk〉 = SFn|k〉 =
n∑
j=1
ckj|j〉|j〉(k = 1, 2, . . . , n),
S|k〉 = |Ψk〉 :=
n⊗
j=1
|ψk〉 =
(
1√
n
)n ∑
j1,j2,...,jn∈[n]
ωk|j|n |j1j1j2j2 · · · jnjn〉
for all k = 1, 2, . . . , n where |j| = j1 + j2 + · · ·+ jn. Since
〈Ψk|Ψj〉 =
n∏
j=1
〈ψk|ψj〉 = δk,j,
S can be linearly extended as an isometry from HA1 into
⊗2n
j=1HAj . For every state
|ψ〉 = ∑nk=1 ak|k〉 in HA1 , we compute that
S|ψ〉 =
(
1√
n
)n ∑
j1,j2,...,jn∈[n]
n∑
k=1
akω
k|j|
n |j1j1j2j2 · · · jnjn〉
and so
S|ψ〉〈ψ|S† =
(
1
n
)n ∑
jx,ix∈[n](x∈[n])
n∑
k=1
n∑
`=1
aka`ω
k|j|−`|i|
n · |j1j1j2j2 · · · jnjn〉〈i1i1i2i2 · · · inin|.
Put Aˆj = {A1, A2, . . . , A2n} \ {Aj}, then
trAˆ1 [S|ψ〉〈ψ|S†] =
(
1
n
)n ∑
j1∈[n]
n∑
k=1
n∑
`=1
aka`ω
kj1−`j1
n
∑
j2,...,jn∈[n]
ω(k−`)
∑n
t=2 jt
n |j1〉〈j1|.
Note that
n∑
m=1
ωpmn =
1− (ωnn)p
1− ωpn = 0
for every nonzero integer p, we see that∑
j2,...,jn∈[n]
ω(k−`)
∑n
t=2 jt
n =
n∏
t=2
n∑
jt=1
ω(k−`)jtn = 0(k 6= `),
it is nn−1 if k = `. Thus,
ρA1 = trAˆ1 [S|ψ〉〈ψ|S†] =
1
n
∑
j1∈[n]
n∑
k=1
|ak|2|j1〉〈j1| = 1
n
In,
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since
∑n
k=1 |ak|2 = 1. By the symmetry of the 2n systems, we have ρAj = ρA1 = 1nIn for
all j = 1, 2, 3, . . . , 2n. It follows from [19, Definition 1] that all the quantum states in
Cn can be masked into
⊗2n
j=1HAj by the operator S.
The following example says that an operator may mask an infinite number of sates.
Example 2.1. Let {|k〉}dk=1 be an orthonormal basis (ONB) for HA and S a linear
isometry from HA into HA ⊗HA with S : |k〉 7→ |k〉|k〉(∀k = 1, 2, . . . , d). Put
Q =
{
1√
d
d∑
k=1
eiφk |k〉 : φk ∈ (−pi, pi](∀k ∈ [d])
}
.
For any |ψ〉 = 1√
d
∑d
k=1 e
ixk |k〉 in Q, we compute that
S|ψ〉〈ψ|S† = 1
d
d∑
k=1
d∑
j=1
ei(xk−xj)|k〉〈j| ⊗ |k〉〈j|
and so
trB(S|ψ〉〈ψ|S†) = 1
d
d∑
k=1
|k〉〈k| = 1
d
IA ∈ DA.
Similarly,
trA(S|ψ〉〈ψ|S†) = 1
d
d∑
j=1
|j〉〈j| = 1
d
IB ∈ DB.
It follows from Definition 2.1 that Q can be masked by S. Clearly, Q is not an orthogonal
set.
In order to prove a characterization of a masker (Theorem 2.1), we need the
following two lemmas on the constructions of two purifications of a mixed state, which
may be well-known. But, for the readers’ convenience, we will give their proofs.
Lemma 2.1. Let two pure states |ψAB1 〉 and |ψAB2 〉 be purifications of a mixed state
ρA of system A. Then |ψAB1 〉 and |ψAB2 〉 have the following Schmidt decompositions:
|ψAB1 〉 =
r∑
j=1
√
cj|ej〉|fj〉, |ψAB2 〉 =
r∑
j=1
√
cj|ej〉|gj〉 (2.3)
where cj(j = 1, 2, . . . , r) are positive numbers, independent of |ψAB1 〉, the sets {|ej〉}rj=1
and {|gj〉}rj=1 are orthonormal in HA and HB, respectively, independent of |ψAB1 〉, and
the set {|fj〉}rj=1 is orthonormal in HB, depending on both |ψAB1 〉 and |ψAB2 〉.
Proof. Let
|ψAB1 〉 =
r′∑
k=1
√
c′k|e′k〉|f ′k〉 and |ψAB2 〉 =
r′′∑
j=1
√
c′′j |e′′j 〉|f ′′j 〉 (2.4)
be Schmidt decompositions of |ψAB1 〉 and |ψAB2 〉, respectively, where c′k, c′′j > 0(∀k, j),
{|e′k〉}r′k=1 and {|e′′j 〉}r′′j=1 are orthonormal sets in HA, {|f ′k〉}r′k=1 and {|f ′′j 〉}r′′j=1 are
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orthonormal sets. Since both |ψAB1 〉 and |ψAB2 〉 are two purifications of ρA, we have
trB|ψAB1 〉〈ψAB1 | = trB|ψAB2 〉〈ψAB2 | = ρA, that is,
r′∑
k=1
c′k|e′k〉〈e′k| =
r′′∑
j=1
c′′j |e′′j 〉〈e′′j | = ρA. (2.5)
Thus, r′ = r′′ = dim(ran(ρA)), we denote it by r. Choose an r by r unitary matrix
U = [uij] such that |e′k〉 =
∑r
j=1 ukj|e′′j 〉(k = 1, 2, . . . , r). Hence,
|ψAB1 〉 =
r∑
k=1
r∑
j=1
√
c′kukj|e′′j 〉|f ′k〉 =
r∑
j=1
√
c′′j |e′′j 〉|fj〉 (2.6)
where
|fj〉 = 1√
c′′j
r∑
k=1
√
c′kukj|f ′k〉(j = 1, 2, . . . , r).
It follows from Eqs. (2.5) and (2.6) that
r∑
j=1
c′′j |e′′j 〉〈e′′j | = ρA =
r∑
j=1
r∑
k=1
√
c′′j c
′′
k〈fj|fk〉 · |e′′k〉〈e′′j |.
This implies that 〈fj|fk〉 = δk,j for all k, j = 1, 2, . . . , r and so {|fj〉}rj=1 is an orthonormal
set. This shows that Eq. (2.3) is valid for cj = c
′′
j , |ej〉 = |e′′j 〉 and |gj〉 = |f ′′j 〉. Clearly,
cj(j = 1, 2, . . . , r) are positive numbers that are independent of |ψAB1 〉, {|ej〉}rj=1 and
{|gj〉}rj=1 are orthonormal sets in HA and HB, respectively, that are independent of
|ψAB1 〉, and {|fj〉}rj=1 is an orthonormal set in HB, depending on |ψAB1 〉 and |ψAB2 〉. The
proof is completed.
In the same way, one can prove the following result.
Lemma 2.2. Let |ψAB1 〉 and |ψAB2 〉 be two purifications of a mixed state ρB of
system B. Then |ψAB1 〉 and |ψAB2 〉 have the following Schmidt decompositions:
|ψAB1 〉 =
r∑
j=1
√
dj|ej〉|fj〉, |ψAB2 〉 =
r∑
j=1
√
dj|hj〉|fj〉 (2.7)
where dj(j = 1, 2, . . . , r) are positive numbers that are independent of |ψAB1 〉, the sets
{|hj〉}rj=1 and {|fj〉}rj=1 are orthonormal in HA and HB, respectively, and independent
of |ψAB1 〉, and the set {|ej〉}rj=1 is orthonormal in HA and depends on both |ψAB1 〉 and
|ψAB2 〉.
It was proved in [20, Lemma 1] that a set {|Ψk〉AB}k∈Γ of fixed reducing states can
always be written in the following form
|Ψk〉AB =
d∑
i=1
√
αi|i〉A|b(k)i 〉B,
where {|b(k)i 〉B}di=1 is a set of orthogonal states. This is indeed a necessary condition
for a set {|ψk〉A}k∈Γ to be masked by an operator S. Generally, it is not sufficient, see
Remark 2.4 below.
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Due to the impossibility of an arbitrary states [12, Theorem 3], it is natural to
determine the maskable states of a given physical masker [19]. Our following theorem
establishes a necessary and sufficient condition for a set Q in PSA to be masked by an
operator S.
Theorem 2.1. Let Q ⊂ PSA and S : HA → HA ⊗ HB be a linear operator.
Then Q can be masked by S if and only if there exist probability distributions (PDs)
{ci}ri=1, {dj}rj=1 with ci > 0, di > 0(i = 1, 2, . . . , r), and orthonormal sets {|ei〉}ri=1 ⊂
PSA and {|fj〉}rj=1 ⊂ PSB such that
S|ψ〉 =
r∑
i=1
√
ci|ei〉|fψi 〉, 〈fψs |fψt 〉 = δs,t, ∀|ψ〉 ∈ Q, (2.8)
S|ψ〉 =
r∑
j=1
√
dj|eψj 〉|fj〉, 〈eψa |eψb 〉 = δa,b, ∀|ψ〉 ∈ Q, (2.9)
where δx,y = 0(x 6= y) and δx,x = 1.
Proof. Necessity. Let Q can be masked by S. Taking a fixed state |ψ0〉 ∈ Q, we
see from Definition 2.1 that
trB[S|ψ〉〈ψ|S†] = trB[S|ψ0〉〈ψ0|S†] := ρA ∈ DA, ∀|ψ〉 ∈ Q, (2.10)
trA[S|ψ〉〈ψ|S†] = trA[S|ψ0〉〈ψ0|S†] := ρB ∈ DB ∀|ψ〉 ∈ Q. (2.11)
For each |ψ〉 ∈ Q, using Lemma 2.1 for |ψAB1 〉 = S|ψ〉 and |ψAB2 〉 = S|ψ0〉 implies
the following Schmidt decompositions with positive coefficients:
S|ψ〉 =
rA∑
j=1
√
cj|ej〉|fψj 〉, S|ψ0〉 =
rA∑
j=1
√
cj|ej〉|gj〉, (2.12)
where 〈fψs |fψt 〉 = δs,t for all s, t = 1, 2, . . . , rA, {|ej〉}rj=1 and {|gj〉}rj=1 are orthonormal
sets in HA and HB, respectively, independent of |ψ〉.
Similarly, for each |ψ〉 ∈ Q, using Lemma 2.1 for |ψAB1 〉 = S|ψ〉 and |ψAB2 〉 = S|ψ0〉
implies the following Schmidt decompositions with positive coefficients:
S|ψ〉 =
rB∑
j=1
√
dj|eψj 〉|fj〉, S|ψ0〉 =
rB∑
j=1
√
dj|hj〉|fj〉, (2.13)
where 〈eψa |eψb 〉 = δa,b for all a, b = 1, 2, . . . , rB, {|hj〉}rj=1 and {|fj〉}rj=1 are orthonormal
sets in HA and HB, respectively, independent of |ψ〉.
Furthermore, the condition (2.10) and the first equalities in Eqs. (2.12) and (2.13)
yield that
rA∑
i=1
ci|ei〉〈ei| =
rB∑
j=1
dj|eψj 〉〈eψj | = ρA,
and so rA = rB = dim(ran(ρA)), denoted it by r. This shows that Eqs. (2.8) and (2.9)
hold with the properties that 〈fψs |fψt 〉 = δs,t and 〈eψa |eψb 〉 = δa,b.
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Sufficiency. Suppose that Eqs. (2.8) and (2.9) hold with the desired properties.
Put
ρA =
r∑
i=1
ci|ei〉〈ei|, ρB =
r∑
j=1
dj|fj〉〈fj|,
then ρA ∈ DA, ρB ∈ DB, satisfying
trB[S|ψ〉〈ψ|S†] = ρA, trA[S|ψ〉〈ψ|S†] = ρB, ∀|ψ〉 ∈ Q.
Thus, Q is masked by S using Definition 2.1. The proof is completed.
From the proof of the necessity, we find that if Q ⊂ PSA and there exists a linear
operator S : HA → HA ⊗ HB such that Eq. (2.10) holds, then there exists a positive
probability distribution {ci}ri=1 and an orthonormal set {|ei〉}ri=1 ⊂ PSA satisfying Eq.
(2.8) and 〈fψs |fψt 〉 = δs,t. Moreover, if Q ⊂ PSA and there exists a linear operator
S : HA → HA ⊗ HB such that Eq. (2.11) holds, then there exists a probability
distribution {di}ri=1 and an orthonormal set {|fj〉}rj=1 ⊂ PSB satisfying Eq. (2.9) and
〈eψa |eψb 〉 = δa,b.
As an application of Theorem 2.1, we reconsider Example 2.1. From the definition
of the operator S in Example 2.1, we see that for each element |ψ〉 = 1√
d
∑d
k=1 e
iφk |k〉 of
Q, the linearity of S implies that
S|ψ〉 = 1√
d
d∑
k=1
eiφk |k〉|k〉 =
d∑
k=1
√
ck|ek〉|fψk 〉,
where ck =
1
d
, |ek〉 = |k〉 and |fψk 〉 = eiφk |k〉, satisfying 〈fψs |fψt 〉 = δs,t, and
S|ψ〉 = 1√
d
d∑
k=1
eiφk |k〉|k〉 =
d∑
k=1
√
dk|eψk 〉|fk〉,
where dk =
1
d
, |fk〉 = |k〉 and |eψk 〉 = eiφk |k〉, satisfying 〈eψa |eψb 〉 = δa,b. Thus, Theorem 2.1
shows that Q can be masked by S in HA.
Indeed, the masker used in Example 2.1 is just the operator S] : |k〉 7→ |kk〉
considered in [12], which can mask any family of states of the form
∑d
k=1 e
iφkrk|k〉 that
have the amplitudes rk in common. Next, we give a generalization of this operator and
then derive a characterization of a set that can be masked by the generalized masker S].
To do this, we let {|ek〉}dk=1 and {|fk〉}dk=1 be ONBs for HA, and let S] be the isometry
from HA into HA ⊗HA with
S] : |ek〉 7→ |ek〉|fk〉(∀k = 1, 2, . . . , d). (2.14)
With these notations, we have the following result, which gives a generalization of
Theorem 4 in [12].
Corollary 2.1. A family Q of pure states in PSA can be masked by S
] if and only
if there exists a nonnegative unit vector r = (r1, r2, . . . , rd)
T in Rd where d = dA such
that
Q ⊂ Qr :=
{
d∑
k=1
eiφkrk|ek〉 : φk ∈ (−pi, pi]
}
. (2.15)
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Proof. Sufficiency. Suppose that Eq. (2.15) holds. For every state |ψ〉 =∑d
k=1 e
iφkrk|ek〉 of Qr, we compute that
S]|ψ〉 =
d∑
k=1
eiφkrk|ek〉|fk〉 =
d∑
k=1
√
ck|ek〉|fψk 〉,
where ck = r
2
k and |fψk 〉 = eiφk |fk〉, satisfying 〈fψs |fψt 〉 = δst, while
S]|ψ〉 =
d∑
k=1
eiφkrk|ek〉|fk〉 =
d∑
k=1
√
dk|eψk 〉|fk〉,
where dk = r
2
k and |eψk 〉 = eiφk |ek〉 with 〈eψa |eψb 〉 = δab. Thus, Theorem 2.1 shows that Qr
is masked by S] and so is Q.
Necessity. Suppose that Q can be masked by S]. Choose a |ψ0〉 ∈ Q and let |ψ0〉 =∑d
k=1 rke
iαk |ek〉 where rk ≥ 0, αk ∈ (−pi, pi] for all k and
∑d
k=1 r
2
k = 1. Then we get a
nonnegative unit vector r = (r1, r2, . . . , rd)
T ∈ Rd. For every |ψ〉 = ∑dk=1 λk|ek〉 ∈ Q,
we have S]|ψ〉 = ∑dk=1 λk|ek〉|fk〉, and so
trB[S
]|ψ〉〈ψ|(S])†] =
d∑
k=1
|λk|2|ek〉〈ek|.
Especially,
trB[S
]|ψ0〉〈ψ0|(S])†] =
d∑
k=1
r2k|ek〉〈ek|.
Since Q was masked by S], we obtain
d∑
k=1
|λk|2|ek〉〈ek| =
d∑
k=1
r2k|ek〉〈ek|.
This shows that |λk| = rk(k = 1, 2, . . . , d). Thus, λk = rkeiφk for all k = 1, 2, . . . , d,
where φk ∈ (−pi, pi] is the principle argument of λk (it is 0 when λk = 0). Hence,
|ψ〉 = ∑dk=1 rkeiφk |ek〉 ∈ Qr and so Q ⊂ Qr. The proof is completed.
Remark 2.2. Suppose that Q can be masked by S]. Then we see from Corollary
2.1 that
(1) When |x〉 = ∑di=1 xi|ei〉 and |y〉 = ∑di=1 yi|ei〉 are from Q, we have |xi| = |yi|(i =
1, 2, . . . , d).
(2) When |e1〉 ∈ Q, |ek〉 /∈ Q(k 6= 1).
(3) For every a nonnegative unit vector r = (r1, r2, . . . , rd)
T in Rd, the set Qr is
always masked by S].
(4) Fixed a nonnegative unit vector r = (r1, r2, . . . , rd)
T ∈ Rd and an element
|ψ0〉 =
∑d
k=1 rke
iαk |ek〉 of Q, considering the coordinate maps
Pk
(
d∑
i=1
xk|ek〉
)
= xk(k = 1, 2, . . . , d),
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we observe that for every |x〉 = ∑dk=1 xk|ek〉 ∈ Q, it holds that
Pk|x〉 ∈ Ck := {z ∈ C : |z| = rk}(k = 1, 2, . . .).
Thus, the coordinates (x1, x2, . . . , xd) of states |x〉 in Q under the basis {|ek〉}dk=1
for HA belong to the hyperdisk C1 × C2 × . . . × Cd ⊂ Cd. If we identify a state
|x〉 = ∑dk=1 xk|ek〉 ∈ Q with its coordinates (x1, x2, . . . , xd), then we can say that
maskable states corresponding to the masker S] belong to the hyperdisk C1×C2×. . .×Cd
in Cd. In particular, the maximal set Qr of states of HA that are masked by S] is
contained in this hyperdisk. This leads to an affirmative answer to Conjecture 5 in [12].
Moreover, we observe that when r1 and r2 are any two different nonnegative real unit
vectors, both Qr1 and Qr2 are masked by S
], however their union Qr1 ∪ Qr2 can not
be masked by S].
Remark 2.3. When r = (r1, r2, . . . , rd)
T is a real unit vector with ri > 0(i =
1, 2, . . . , d), we define
α
(
d∑
k=1
eiφkrk|ek〉
)
= (φ1, φ2, . . . , φd)
T ,
and then obtain a bijection α : Qr → (−pi, pi]d ⊂ Rd. Thus, states in Qr and the
points in set (−pi, pi]d are in one to one correspondence. Therefore, we can say that the
operator S] can mask the quantum information encoded in the continuous parameters
(φ1, φ2, . . . , φd) ∈ (−pi, pi]d. This is just Theorem 4 in [12].
Theorem 2.2. Let |ψ1〉, |ψ2〉 ∈ PSA with 〈ψ1|ψ2〉 = 0. Then
Q =
{
|ψ1〉, |ψ2〉, 1√
2
(|ψ1〉+ |ψ2〉), 1√
2
(|ψ1〉 − i|ψ2〉)
}
(2.16)
can not be masked by a linear operator S : HA → HA ⊗HB.
Proof. Put
|ψ3〉 = 1√
2
(|ψ1〉+ |ψ2〉), |ψ4〉 = 1√
2
(|ψ1〉 − i|ψ2〉).
Suppose that Q = {|ψ1〉, |ψ2〉, |ψ3〉, |ψ4〉} can be masked by some linear operator
S : HA → HA ⊗ HB. Then Theorem 2.1 implies that there exists a positive PD
{ci}ri=1 and an orthonormal set {|ei〉}ri=1 ⊂ PSA such that
S|ψk〉 =
r∑
i=1
√
ci|ei〉|fψki 〉 (k = 1, 2, 3, 4), (2.17)
where 〈fψks |fψkt 〉 = δs,t. Since Q is masked by S, we see from Definition 2.1 that there
exist states ρA ∈ DA and ρB ∈ DB such that
trB[S|ψk〉〈ψk|S†] = ρA, trA[S|ψk〉〈ψk|S†] = ρB, ∀k = 1, 2, 3, 4.
Let (t1, t2) =
(
1√
2
, 1√
2
)
or (t1, t2) =
(
1√
2
, −i√
2
)
. Then |ψ〉 := t1|ψ1〉 + t2|ψ2〉 = |ψ3〉 or
|ψ4〉, and so
ρB = trA[S|ψ〉〈ψ|S†] = ρB + t1t2trA[S|ψ1〉〈ψ2|S†] + t1t2trA[S|ψ2〉〈ψ1|S†].
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Thus,
t1t2trA[S|ψ1〉〈ψ2|S†] + t1t2trA[S|ψ2〉〈ψ1|S†] = 0.
This shows that {
trA[S|ψ1〉〈ψ2|S†] + trA[S|ψ2〉〈ψ1|S†] = 0,
trA[S|ψ1〉〈ψ2|S†]− trA[S|ψ2〉〈ψ1|S†] = 0.
Thus, trA[S|ψ1〉〈ψ2|S†] = 0. Combining Eq. (2.17), we obtain
0 = trA[S|ψ1〉〈ψ2|S†]
= trA
[
r∑
i,j=1
√
cicj|ei〉〈ej| ⊗ |fψ1i 〉〈fψ2j |
]
=
r∑
i=1
ci|fψ1i 〉〈fψ2i |.
Since 〈fψ2i |fψ21 〉 = δi,1, we get
0 =
(
r∑
i=1
ci|fψ1i 〉〈fψ2i |
)
|fψ21 〉 = c1|fψ11 〉,
a contradiction. The proof is completed.
Considering the proof of Theorem 2.2 and the observations followed the end of the
proof of Theorem 2.2, we can see that for the set Q in Theorem 2.2, there does not exist
a linear operator S : HA → HA ⊗HB such that
trB[S|ψk〉〈ψk|S†] = ρA, ∀k = 1, 2, 3, 4.
Remark 2.4 Let HA = C2,HB = C4, Q = {|ψk〉}4k=1 where
|ψ1〉 = |0〉, |ψ2〉 = |1〉, |ψ3〉 = 1√
2
(|0〉+ |1〉), |ψ4〉 = 1√
2
(|0〉 − i|1〉).
Theorem 2.2 ensures that Q can not be masked by any S.
For j = 1, 2, put
|f 1j 〉 = |j − 1〉|0〉, |f 2j 〉 = |j − 1〉|1〉,
|f 3j 〉 =
1√
2
(|f 1j 〉+ |f 2j 〉) =
1√
2
(|j − 1〉|0〉+ |j − 1〉|1〉),
|f 4j 〉 =
1√
2
(|f 1j 〉 − i|f 2j 〉) =
1√
2
(|j − 1〉|0〉 − i|j − 1〉|1〉),
then {|fk1 〉, |fk2 〉} is an orthogonal set of normalized states for every k = 1, 2, 3, 4. Define
a linear operator S from HA into HA ⊗HB by
S|ψk〉 = 1√
2
2∑
j=1
|j − 1〉|fkj 〉(k = 1, 2).
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Then the linearity of S implies that
S|ψk〉 = 1√
2
2∑
j=1
|j − 1〉|fkj 〉(k = 1, 2, 3, 4)
and so the operator satisfies the condition (2.8) and can not mask Q. This shows that
Eq. (2.8) (equivalently, Eq. (2) in [20]) is only a necessary condition for a set Q be to
masked.
Since the set Q in Theorem 2.2 can not be masked, we conclude that any set of
states in PSA that contains Q (i.e. PSA) can not be masked. This leads to the following.
Corollary 2.2(No-Masking Theorem [12, Theorem 3]). It is impossible to mask
the information in an arbitrary quantum state. That is, PSA can not be masked.
Recall that [27, P. 367] a quantum channel Φ : B(H1)→ B(H2) is said to be trace-
type if it maps all states as the same state. Equivalently, it is of the form Φ(T ) = tr(T )ρ0
for a fixed state ρ0 ∈ D(H2) and all T in B(H1). An application of the no-masking
theorem, we have the following.
Corollary 2.3. Let dim(HA) ≥ 2 and S : HA → HA ⊗ HB be a linear isometry.
Then one of the quantum channels ΦAS and Φ
B
S defined by Φ
A
S (T ) := trB(STS
†) and
ΦBS (T ) := trA(STS
†) is not trace-type. That is, there does not exist a pair (ρA, ρB) of
mixed states ρA and ρB of A and B, respectively, such that
trB[STS
†] = tr(T )ρA, trA[STS†] = tr(T )ρB, ∀T ∈ B(HA). (2.18)
Liang et al. proved in [21] that the maximal maskable set of qubit states on the
Bloch sphere with respect to a fixed qubit state |p0〉 and a masker U is the ones on a
spherical circle and then obtained a perfect proof of Conjecture 5 in [12]. Similarly, for
a state |ψ0〉 ∈ PSA and an isometry S : HA → HA ⊗HB, define
ΩS(|ψ0〉) =
{
|ψ〉 ∈ PSA :
(
trB[|Ψ〉〈Ψ|]
trA[|Ψ〉〈Ψ|]
)
=
(
ρA
ρB
)}
, (2.19)
where |Ψ〉 = S|ψ〉 and ρA = trB[S|ψ0〉〈ψ0|S†], ρB = trA[S|ψ0〉〈ψ0|S†]. Clearly, ΩS(|ψ0〉)
is masked by S and if Q ⊂ PSA is masked by S, then Q ⊂ ΩS(|ψ0〉) for any state |ψ0〉
in Q. Hence, ΩS(|ψ0〉) is the largest collection of maskable states with respect to |ψ0〉
and the linear operator S.
3. Masking of mixed states
It was pointed out in [19, Introduction] that if we hide the original quantum information
in the mixed states rather than the pure ones, what results can we obtain? We will
discuss this question in this section. First, we have to give the definition of a masker
for mixed states.
Definition 3.1. Let Q be a subset of DA and S : HA → HA ⊗ HB be a linear
operator. If there are mixed states ρA ∈ DA, ρB ∈ DB such that
trB(SρS
†) = ρA and trA(SρS†) = ρB, ∀ρ ∈ Q, (3.1)
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then we say that the information contained in Q is masked by S; shortly, Q is masked
by S, or S masks Q. We also say that S is a quantum information masker for Q and
that HB is a masking space for Q.
When the space HB and the operator S satisfy the masking conditions (3.1) exist,
we say that Q can be masked.
See Fig. 2 for the definition above.
Figure 2. An illustration of Definition 3.1, in which ΦS(T ) = STS
†, and all mixed
states in Q are mapped to the fixed states ρA and ρB under the composite maps
trB ◦ ΦS and trA ◦ ΦS , respectively. Thus, the quantum information contained in the
states from Q is masked by S.
Remark 3.1. Due to the linearity of trB ◦ ΦS and trA ◦ ΦS, we see that Q is
masked by S with the marginal states ρA and ρB if and only if its convex hull co(Q)
is masked by S with the marginal states ρA and ρB. Further, when Qk(k = 1, 2) are
masked by S with the marginal states ρ
(k)
A and ρ
(k)
B , the set pQ1 + (1− p)Q2(0 ≤ p ≤ 1)
is also masked by S with the marginal states pρ
(1)
A + (1− p)ρ(2)A and pρ(1)B + (1− p)ρ(2)B .
Furthermore, let Q ⊂ PSA and let S : HA → HA ⊗ HB be a linear operator. Put
Q = {|ψ〉〈ψ| : |ψ〉 ∈ HA}, then Q is masked by S if and only if Q is masked by S. Thus,
Corollary 2.2 yields the following no-masking theorem for mixed states.
Proposition 3.1. It is impossible to mask all of mixed states by a linear operator.
Thus, a universal masker for all mixed states does not exist and therefore it is useful
to find some sets of mixed states that can be masked by an operator. It was proved
in [6] that a commuting set of mixed states can be broadcast. Motivated by this result,
we can prove the following conclusion.
Theorem 3.1. Any commuting set Q = {ρk}nk=1 in DA can be masked by an
isometry S : HA → HA ⊗HB with HB = HA.
Proof. Since Q = {ρk}nk=1 is a commuting set in DA, we see that there is an
orthonormal basis {|e1〉, |e2〉, . . . , |edA〉} for HA such that
ρk =
dA∑
j=1
c
(k)
j |ej〉〈ej|, ∀k ∈ [n], (3.2)
where c
(k)
j ≥ 0(∀k ∈ [n], j ∈ [dA]) satisfying
∑dA
j=1 c
(k)
j = 1(∀k ∈ [n]). Let ω = e
2pi
dA
i
be
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the basic dAth root of unit. Then (ω
p)dA = 1(p ∈ Z) and so
1 + ωp + ω2p + · · ·+ ω(dA−1)p = 1− (ω
p)dA
1− ωp = 0 (3.3)
for all nonzero integers p.
Let HB = HA and {|fk〉}dBk=1 be any orthonormal basis for HB, and define
S|ej〉 = d−
1
2
A
dA∑
k=1
ω(j−1)(k−1)|ek〉|fk〉(∀j ∈ [dA]), (3.4)
then S can be extended as a linear operator from HA into HA ⊗HB. Eq. (3.3) shows
that
tr[S|ej〉〈em|(S)†]
=
1
dA
dA∑
k,s=1
ω(j−1)(k−1)−(m−1)(s−1)tr[|ek〉〈es| ⊗ |fk〉〈fs|]
=
1
dA
dA∑
k=1
ω(j−1)(k−1)−(m−1)(k−1)
=
1
dA
dA∑
k=1
ω(j−m)(k−1)
= δj,m
for all m, j ∈ [dA]. This shows that {S|ek〉}dAk=1 is an orthonormal set in HA ⊗HB and
therefore the operator S : HA → HA ⊗HB is an isometry. Put
ρA =
1
dA
IA ∈ DA, ρB = 1
dB
IB ∈ DB.
For all k = 1, 2, . . . , n, we see from Eq. (3.4) that for each j = 1, 2, . . . , dA,
trB[S
|ej〉〈ej|(S)†]
=
1
dA
dA∑
k,s=1
ω(j−1)(k−1)−(j−1)(s−1)trB[|ek〉〈es| ⊗ |fk〉〈fs|]
=
1
dA
dA∑
k=1
|ek〉〈ek|
= ρA.
Thus,
trB[ΦS(ρk)] =
dA∑
j=1
c
(k)
j trB[S
|ej〉〈ej|(S)†] =
dA∑
j=1
c
(k)
j ρA = ρA.
Similarly, one can check that trA[ΦS(ρk)] = ρB for all k = 1, 2, . . . , n. By Definition
3.1, Q can be masked by S. The proof is completed.
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It is remarkable that commutativity of a set Q of mixed states is only a sufficient
condition for masking, but not a necessary one. For example, we consider the set
Qr :=
{
d∑
k=1
eiφkrk|ek〉 : φk ∈ (−pi, pi]
}
,
in Corollary 2.1 where d ≥ 2, r = (r1, r2, . . . , rd) with rk = 1√d(∀k ∈ [d]). For each
parameter θ = (θ1, θ2, . . . , θd)
T ∈ (−pi, pi]d, define a pure state |ψ(θ)〉 = ∑dk=1 eiθkrk|ek〉
and obtain a mixed state ρ(θ) = |ψ(θ)〉〈ψ(θ)|. We see from Corollary 2.1 that the set
Qr can be masked by the isometry S
] and then the set Qr = {ρ(θ) : θ ∈ (−pi, pi]d} can
be masked by S]. But Qr is not a commuting set, e.g. when
|ψ1〉 = 1√
d
d∑
k=1
|ek〉, |ψ2〉 = 1√
d
|e1〉+ 1√
d
d∑
k=2
epii/2|ek〉,
the corresponding mixed states ρk = |ψk〉〈ψk| ∈ Qr(k = 1, 2) satisfy ρ1ρ2 6= ρ2ρ1.
Li et al. proved in [20, Theorem 2] that every linearly independent set of pure
states can be probabilistically masked by a general unitary-reduction operation. As an
application of Theorem 3.1, we have the following.
Corollary 3.1. Any linearly independent set Q = {|ψk〉}nk=1 in PSA can be masked
by an injection S : HA → HA ⊗HB.
Proof. Since Q = {|ψk〉}nk=1 is a linearly independent set, it can be extended as a
Hamel basis Q∗ = {|ψk〉}dk=1 forHA where d = dA. Define a linear operator T : HA → Cd
by
T |x〉 = (〈ψ1|x〉, 〈ψ2|x〉, . . . , 〈ψd|x〉)T , ∀|x〉 ∈ HA,
then its adjoint operator reads
T †|y〉 =
d∑
k=1
zk|ψk〉, ∀|y〉 = (z1, z2, . . . , zd)T ∈ Cd,
and so T †T =
∑d
k=1 |ψk〉〈ψk|. Since Q∗ is a Hamel basis for HA, the operator
T †T : HA → HA is invertible and so positive-definite. Put |ek〉 = (T †T )− 12 |ψk〉 for
k = 1, 2, . . . , d, then it is easy to check that {|ek〉}dk=1 becomes an orthonormal basis for
HA. It follows from Theorem 3.1 that the commutative set {|ek〉〈ek|}dk=1 can be masked
by the isometry S : HA → HA ⊗ HB defined by Eq. (3.4). Thus, S := S(T †T )− 12 is
an injection from HA into HA⊗HB and masks the original linearly independent set Q.
The proof is completed.
Since a universal masker for all mixed states does not exist (Proposition 3.1), it is
important to the sets of mixed states that are masked by a given operator S. We call
such sets of mixed states the maskable sets of S. Next theorem gives characterization
of the maskable sets of the operator S] given by Eq. (2.14).
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Theorem 3.2. Let S] be as in Eq. (2.14) Then a set Q of mixed states in DA is
a maskable set of S] if and only if there exists a PD vector p = (p1, p2, . . . , pd)
T where
d = dA such that
Q ⊂ Qp := {ρ ∈ DA : 〈ek|ρ|ek〉 = pk(∀k ∈ [d])} . (3.5)
Proof. Sufficiency. Suppose that Eq. (3.5) holds and define
ρA =
d∑
k=1
pk|ek〉〈ek|, ρB =
d∑
k=1
pk|fk〉〈fk|.
For every state ρ =
∑d
k,j=1 ckj|ek〉〈ej| of Qp, we compute that
ΦS](ρ) =
d∑
k,j=1
ckjS
]|ek〉〈ej|(S])† =
d∑
k,j=1
ckj|ek〉|fk〉〈ej|〈fj|,
and so
trB[ΦS](ρ)] =
d∑
k=1
ckk|ek〉〈ek| =
d∑
k=1
pk|ek〉〈ek| = ρA.
Similarly,
trA[ΦS](ρ)] =
d∑
k=1
ckk|fk〉〈fk| =
d∑
k=1
pk|fk〉〈fk| = ρB.
It follows from Definition 3.1 that Qp is masked by S] and so is Q. Thus, Q is a
maskable set of S].
Necessity. Suppose that Q is a maskable set of S], i.e., Q can be masked by S].
Choose a ρ0 ∈ Q and let pk = 〈ek|ρ0|ek〉 for k = 1, 2, . . . , d. Then p = (p1, p2, . . . , pd) is
a PD vector. For every ρ =
∑d
k,j=1 ckj|ek〉|ej〉 ∈ Q, we have
trB[ΦS](ρ)] =
d∑
k=1
ckk|ek〉〈ek|,
especially, trB[ΦS](ρ0)] =
∑d
k=1 pk = ρA. Since trB[ΦS](ρ)] = trB[ΦS](ρ0)], we have
d∑
k=1
ckk|ek〉〈ek| =
d∑
k=1
pk|ek〉〈ek|,
and so ckk = pk for all k = 1, 2, . . . , d. Hence, ρ ∈ Qp and consequently, Q ⊂ Qp. The
proof is completed.
Remark 3.2. Since the set Qp is convex, we see from Theorem 3.2 that Qp is the
largest convex set of maskable states ρ satisfying 〈ek|ρ|ek〉 = pk(∀k) of S]. Moreover,
when two PD vectors p1 and p2 are not equal, Qp1∪Qp2 is not masked by S], although
both Qp1 and Qp2 are masked by the same S
]. However, Remark 3.1 yields that a
convex combination cQp1 + (1− c)Qp2 is masked by S].
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Our last result aims to give the largest maskable set of S, where S is the isometry
given by Eq. (3.4) in terms of ONBs {|ek〉}dk=1 and {|fk〉}dk=1 for HA = HB, that is,
S|ej〉 =
d∑
k=1
bkj|ek〉|fk〉(∀j ∈ [d]), (3.6)
where bkj =
1√
d
ω(j−1)(k−1) with ω = e
2pi
d
i. Clearly, |bkj| = 1√d for all k, j ∈ [d].
To do this, we write d = dA = dB and
|εk〉 = (b ∗k1, b ∗k2, . . . , b ∗kd)T , (3.7)
and use Mρ = [〈ei|ρ|ej〉] to denote the matrix of a state ρ ∈ DA under the basis {|ek〉}dk=1.
Clearly, {|εk〉}dk=1 is an ONB for Cd and so
d∑
k=1
〈εk|Mρ|εk〉 = tr(Mρ) = 1, ∀ρ ∈ DA.
With these notations, we have the following.
Theorem 3.3. Let S be as in Eq. (3.6). Then a set Q of mixed states in DA is
a maskable set of S if and only if there exists a PD vector q = (q1, q2, . . . , qd)T where
d = dA such that
Q ⊂ Qq := {ρ ∈ DA : 〈εk|Mρ|εk〉 = qk(∀k ∈ [d])} . (3.8)
Proof. Sufficiency. Suppose that Eq. (3.8) holds and define
ρA =
d∑
k=1
qk|ek〉〈ek|, ρB =
d∑
k=1
qk|fk〉〈fk|.
For every state ρ =
∑d
k,j=1 ckj|ek〉〈ej| of Qp, Eq. (3.6) yields that
ΦS(ρ) =
d∑
i,j=1
cijS
|ei〉〈ej|(S)†
=
d∑
i,j=1
cij
(∑
k
bki|ek〉|fk〉
)(∑
m
b ∗mj〈em|〈fm|
)
=
∑
i,j
∑
k,m
cijbkib
∗
mj|ek〉〈em| ⊗ |fk〉〈fm|.
From the definitions of |εk〉 and Mρ, we see that∑
i,j
cijbkib
∗
mj = 〈εk|Mρ|εm〉, ∀k,m.
Thus,
ΦS(ρ) =
∑
k,m
〈εk|Mρ|εm〉 · |ek〉〈em| ⊗ |fk〉〈fm|. (3.9)
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Hence,
trB[ΦS(ρ)] =
d∑
k=1
〈εk|Mρ|εk〉 · |ek〉〈ek| =
d∑
k=1
qk|ek〉〈ek| = ρA.
Similarly,
trA[ΦS(ρ)] =
d∑
k=1
〈εk|Mρ|εk〉 · |fk〉〈fk| =
d∑
k=1
qk|fk〉〈fk| = ρB.
It follows from Definition 3.1 that Qq is masked by S and so is Q. Thus, Q is a
maskable set of S.
Necessity. Suppose that Q is a maskable set of S, i.e., Q can be masked by S.
Choose a ρ0 ∈ Q and let qk = 〈εk|Mρ0|εk〉 for k = 1, 2, . . . , d. Then q = (q1, q2, . . . , qd)
is a PD vector. For every ρ =
∑d
k,j=1 ckj|ek|ej〉 ∈ Q, Eq. (3.9) implies
trB[ΦS(ρ)] =
d∑
k=1
〈εk|Mρ|εk〉 · |ek〉〈ek|.
Particularly,
trB[ΦS(ρ0)] =
d∑
k=1
〈εk|Mρ0|εk〉 · |ek〉〈ek|.
Since trB[ΦS(ρ)] = trB[ΦS(ρ0)], we have 〈εk|Mρ|εk〉 = 〈εk|Mρ0|εk〉 = qk for all
k = 1, 2, . . . , d. This shows that ρ ∈ Qq and consequently, Q ⊂ Qq. The proof is
completed.
Remark 3.3. Since the set Qq is convex, we see from Theorem 3.3 that Qq is the
largest convex set of maskable states ρ satisfying 〈εk|Mρ|εk〉 = qk(∀k) of S. Moreover,
when two PD vectors q1 and q2 are not equal, Qq1 ∪Qq2 is not masked by S, although
both Qq1 and Qq2 are masked by the same S. However, Remark 3.1 implies that any
convex combination cQq1 + (1− c)Qq2 is also masked by S.
When Q = {ρk}nk=1 is a commuting set in DA, there is an ONB {|ek〉}dk=1 for HA
such that
ρk =
d∑
j=1
c
(k)
j |ej〉〈ej|, ∀k ∈ [n].
Thus, Mρk =
∑d
i=1 c
(k)
j |j〉〈j| for all k ∈ [n], where {|j〉}dj=1 is the canonical basis for Cd.
So,
〈εk|Mρk |εk〉 =
d∑
i=1
c
(k)
j 〈εk|j〉〈j|εk〉 =
d∑
i=1
c
(k)
j |bkj|2 =
1
d
for all k ∈ [n]. This shows that ρk ∈ Qq for all k ∈ [n] where qk = 1d(∀k ∈ [d]).
Consequently, Q ⊂ Qq. It follows from Theorem 3.3 that Q = {ρk}nk=1 can be masked
by ΦS in HB = HA, where S is the isometry given by the basis {|ek〉}dk=1 and any
orthonormal basis {|fk〉}dk=1 for HB = HA according to Eq. (3.9). This gives an
alternative proof of Theorem 3.1.
Masking quantum information 21
Remark 3.4. The quantum Fourier transformation (QFT) Fd = [bkj] =
d−
1
2 [ω(j−1)(k−1)] and the basis {|εk〉}dk=1 given in Eq. (3.7) has the relationship
F †d = [|ε1〉, |ε2〉, . . . , |εd〉], Fd =

〈ε1|
〈ε2|
...
〈εd|
 ,
and so [〈εi|Mρ|εj〉] = FdMρF †d , that is, [〈εi|Mρ|εj〉] is just the QFT of the matrix Mρ.
Thus, the set Qq in Theorem 3.3 can be rewritten as
Qq =
{
ρ ∈ DA : (FdMρF †d )kk = qk(∀k ∈ [d])
}
. (3.10)
4. Summary and conclusions
In this paper, we have discussed the problem of masking quantum information
encoded in pure and mixed states, respectively, including the mathematical definitions,
characterizations, masking theorems, and no-masking theorems. The following
conclusions are obtained. (1) An orthogonal (resp. linearly independent) subset of
pure states can be masked by an isometry (resp. injection); (2) A commuting subset of
mixed states can be masked by an isometry S]; (3) There are four pure states that are
not masked by any operator and then it is impossible to mask all of pure states; (4) It
is impossible to mask all of mixed states by an operator S. Our discussion leads to an
affirmative answer to Conjecture 5 in [Phys. Rev. Lett. 120, 230501 (2018)].
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